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I. INTRODUCTION 
Let X be a Banach space and let 9 be a set of commuting projections 
(i.e., idempotent bounded linear operators in X) such that whenever 
Pl,P2~9 also PlP2(=P2Pl), PI + P2 - PIP2 and I- PI belongto9,and 
I/ g ]I = sup{]I P 11, PE 9?} < co. Such a collection 22 is called a Boolean 
algebra of projections on X and 1199 11 is called the norm of 9. Boolean 
algebras of projections arise naturally in spectral theory and have been 
studied extensively in this connection (cf., for example, [l] and [3]). 
In the present paper we introduce the notion of a Banach space with 
sufficiently many Boolean algebras of projections and apply this notion to 
the study of the P’D spaces which were introduced in [7]. Let g be a Boolean 
algebra of projections; two elements PI , Pz of 9? are called disjoint if 
PIP, = 0. It is a well known and simple consequence of the Hahn Banach 
theorem that for every infinite-dimensional Banach space and every integer 
n there is a Boolean algebra 28(n) of projections on X having n mutually 
disjoint nontrivial (i.e., not equal to 0) projections. The proof of the existence 
of 2?(n) gives even a constant h(n) such that for every X there is such a a(rz) 
with I/ a(n)11 < h(n). Th e constant h(n) tends to co as n + CO. In the common 
Banach spaces it is however easy to construct such 9(n) where II s(n)]1 < h 
with h independent of n. The question whether there exists such a A for 
every Banach space seems to be open. In the definition of a Banach space 
with sufficiently many Boolean algebras of projections we shall require that 
such a h exists for X. We shall have, however, to require more than that. 
Indeed if X = Y @ 2 for some Banach spaces Y and Z then every Boolean 
algebra of projections on Y defines in an obvious way a Boolean algebra of 
projections on X. Thus the existence of a suitable X for Y implies that also 
for X there is such a constant X but this has nothing to do with the factor Z 
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of X and therefore will not suffice if we are interested in the structure of the 
whole of X. These considerations lead to the following definition. 
DEFINITION. -4 Banach space X is said to have suficiently many Booleatl 
algebras of projections (X has property P, in short) if there is a constant A having 
the follouring property: 
For every finite dimensional subspace E of A7 there is a Boolean algebra of 
projections 9 on X with // W 11 < h and an x E X such that E is contained in the 
closed linear span of {Px, P E G?}. 
It is easy to see that the common spaces like the C(K) and L&L) spaces 
have property P. There are quite a few properties which are known to be 
shared by the common Banach spaces and for which it is an open problem 
whether they are shared by all Banach spaces. The most noteable property 
of this type is the approximation property of Banach and Grothendieck 
(cf. [4]). Grothendieck conjectured in [4] that there is a space which does 
not have the approximation property. It is far less likely that every Banach 
space has property P. However, we do not know of an example of a space 
which does not have it. We shall give some further comments on the definition 
in the beginning of Section II. 
It is obvious that spaces which have an unconditional basis (cf. [2, p. 73]), 
have property P. It turns out that in several instances results which were 
originally proved for spaces having an unconditional basis hold with minor 
modifications for spaces having property P. Two such results are presented 
in Section II. The replacement of the condition of existence of an 
unconditional basis by property P makes the theorems significantly more 
general since such spaces as C(0, 1) and L(0, 1) do not have an unconditional 
basis (cf. [2] and [lo]), while they do have property P. But from the esthetic 
point of view, this replacement adds in general little to the theorem since 
usually the requirement of property P is as unnatural a requirement for the 
validitv of the theorem as the existence of an unconditional basis. In the main 
result of this paper (Theorem 1 below), the condition that X has property P 
is however a natural one. This theorem characterizes certain classes of 
Banach spaces by the behavior of the Boolean algebras of projections on 
them. A Banach space can be determined by Boolean algebras of projections 
on it only if there are sufficiently many of them. Before stating our main 
result let us recall some definitions and known results. 
Let 1 <; p 5; co and let n be an integer. By fDn we denote the space of 
n-tuples of scalars N = (.v r , .vf ,..., 2c,) with /I .v Ij = (xj 1 xi (p)l/P if p < co 
and 11 x II = max ! xi / if p = co. For two Banach spaces X and Y we denote 
by d(X, Y) the number inf (I T 11 /I T-l 11 w h ere the inf is taken over all the 
isomorphisms T from X to Y (d(X, Y) = co if X and Y are not isomorphic). 
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A Banach space X is called an 9D,h space (1 < p < CO, 1 22 X < 00) if 
for every finite dimensional subspace E of X there is a finite dimensional 
subspace F of X containing E such that d(F, t,“) < A where n = dim F. 
A Banach space is called an PD space if it is an 9D,A space for some X. The 
class of 9, spaces was introduced and studied in [7]. Every L,(p) space 
(= the space of measurable functions on some measure space whose pth 
power is integrable) is an _Ep, space, and every C(K) space (= the space of 
continuous functions on the compact Hausdorff space K) is an P= space. 
It was shown in [7] that the PD spaces have many properties in common 
with the L,(p) spaces although unless p = 2, there are 6R, spaces which 
are not isomorphic to L,&) spaces. For p = 2 it is true that every .9’r spaces 
is isomorphic to a Hilbert space. 
It is well known (see [3]) that the theory of spectral operators in a Hilbert 
space X is considerably simplified by the fact that for every Boolean algebra 
S? of projections on X the following inequality holds. 
for every x E X and every disjoint (Pi}ySI in 93. In [7] it was proved that from 
the results of Grothendieck [5] it follows that if X is an 9i space then there 
is a constant M such that for every Boolean algebra of projections 9? on X 
for every x E X and every disjoint {Pi}~=, in &9. Similarly it was proved in 
[7] that if X is an .Ya space then there are constants MI and M2 such that 
WII~II-‘maxllpixll <II~PG/( d~~21/~llm~xIlPi~II I (3) 
i=l 
for every Boolean algebra &8 on X every x E X and every disjoint {P,>~zl in 9Y. 
The implications of (2) and (3) to the theory of spectral operators in 9’i and 
9m spaces have been investigated recently by C.A. McCarthy and L. Tzafriri 
PI- 
The question naturally arises whether the gl, 9, and dip, spaces are the 
only spaces for which estimates like (l), (2), and (3) are valid. It turns out 
that the answer to this question is affirmative. 
THEOREM 1. Let X be a Banach space which has su#kiently many Boolean 
algebras of projections. Assume that there is a positive numotone function g(t) 
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defined for t > 1 and a function f(ul , u 2 ,...) defined for all sequerxes {u~}~=~ 
of non-negatizle ui with only finite& many ui + 0, such that 
Al 23 II)-’ .fll p,s II?...> II pn.x II, O,...) 
< g(ll J ll)f(ll PP Ill II p2x IIY..~ II P7P II, 0, a...) (4) 
for every Boolean algebra of projections A9 on X every .V E X and every disjoint 
{Pi}y=I in B. 
Then X is either an YI space or an ZZ space or an pW space. 
Somewhat unprecisely Theorem 1 may be rephrased as follows: If a Banach 
space has sufficiently many Boolean algebras of projections and if all of them 
are of the same type then the space is either an 9r or 9s or 6p, space. The 
proof of Theorem 1 will be given in Section III. In a previous paper [S] we 
proved, for the special case of spaces having an unconditional basis, a stronger 
version of Theorem 1. Of the result of [8] and Theorem 1 of the present 
paper, neither is a consequence of the other. The proof of the result of 
[8] is quite different from the proof of Theorem 1 given here, though both 
are based on the paper [14]. In [8] the result of [14] was the starting point 
of the proof of the main result while here the proof of Theorem 1 is essentially 
a modification of the proof of [14]. 
We shall consider here only Banach spaces over the reals, though the results 
and proofs are valid (with only obvious changes) in the complex case. 
SECTION II 
We begin by some simple comments on property P defined in the 
introduction. 
PROPOSITION 1. A Banach space X has suflciently many Boolean algebras 
of projections if and only if there is a constant X having the following property: 
For every jinite-dimensional subspace E of X there is a Boolean algebra of 
projections 99 on X with II 9 jj < A, disjoint {P,>zl in 9, and xi E P,X, 
i = 1, 2,..., n, such that E C span{xi}kl . 
PROOF. If X has the property defined in the statement of the Proposition 
then with the notation of the statement E C span{Px; P E &@} if x = xTz1 xi 
and hence X has property P. To prove the converse we need the following 
well known: 
LEMMA 1. Let X be a Banach space and let (y*}FZ1 be k linearly independent 
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elements in X. Then there is a constant M such that for every {zJ~=~ in X there 
is a linear operator T : X ---f X satisfying Tyi = zj , j = I,2 ,..., k, and 
11 T-111 < MmaxjIlyj -ZjII. 
Lemma 1 follows at once from the fact that there is a bounded linear 
projection from X onto span{yj]j”_r and that there is a constant M,, such that 
CF=, I aj ) < MO I/ CF=, ajyj /I for every choice of scalars {aj}j”=r . 
We return to the proof of Proposition 1. Assume that X has property P 
and let E be a finite-dimensional subspace of X. Let {yj}F=i be a basis of E. 
From the definition of property P it follows that for every E > 0 there exists 
a Boolean algebra 99 of projections on X with I/ .S? // < X having a finite 
number, n say, of disjoint elements {Pi}k, with Cyzl Pi = I, a vector s E X 
and {.zj}j”=r C span{P~~v}~=i with jj zj - 3’j 11 < E for every j. By Lemma 1 
it follows that if E is small enough there is an operator T on X with Ij T/I, 
II T-l j/ < 2 and Tyj = zj , j = I,2 ,..., k. Let 8, = {T-lPT; P E a}. Then 
93s is a Boolean algebra of projection on X with II aLo 11 < 4h, {T-lP,T}y=“=, 
are disjoint projections in a0 and E C span{ T-lP,T( T-lx)};==, . This concludes 
the proof of Proposition 1. 
Next we present a simple but useful criterion for proving that a Banach 
space has property P. We need the following definition. Let E be a finite- 
dimensional Banach space with dim E = n, say. By the symmetry constant 
s(E) of E we understand the number 
where the inf is taken over all bases {ei}a, of E. For example ~(8~“) = I for 
all p and n. 
PROPOSITION 2. Let X be a Banach space. Assume that there is a constant I\ 
ad a set {EJTE~ of finite dimensional subspaces of X directed by inclusion such 
that 
s(E,) < h for every 7, and there is for every T a projection P, from X onto E, 
with 11 P, 1) ,( /1. Then X has suficiently many Boolean algebras of projections. 
PROOF. Let E be a finite dimensional subspace of X. In order to prove 
that X has property P according to the definition given in the introduction 
or Proposition 1, we can assume without loss of generality that E C E, for 
some r (use Lemma 1). Let P, be a projection from X onto E, with 11 P, 11 < h 
and let {ei}zl be a basis in E, such that /I X:=1 eiaie, 11 < h 11 CL1 aiei 11 for 
409/&5/2-6 
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every choice of scalars a, and every choice of signs 8, . Let {Qi}L1 be the 
projections in E, defined by Qiei = 6,jej , i, j = l,..., n. The projections 
{QiPT)yZi and I - P, in X generate a Boolean algebra .G? with 
Clearly ei EQ,P,X, i = 1, 2 ,..., n, and EC E, = span{ei}T=i and this 
concludes the proof. 
Let X be a Banach space with a Schauder basis {ei}E1 (cf. [2, p. 671) such 
that sup,, s(E,) < CO where E, = span{eJbi , then X satisfies the assumption 
of Proposition 2 and hence X has property P. The assumption supn s(E,J < co 
is clearly satisfied if the basis {e,}& is unconditional but also in many cases 
where the basis is conditional. The preceding remark shows the difficulty 
in finding a space which does not have property P (or more precisely in 
proving that a certain space does not have property P). Indeed, no separable 
Banach space which does not have a basis is known and also there is no 
known example of a family {E,} of finite dimensional spaces for which it can 
be proved that s(E,) + co as n --f CO. On the other hand, Proposition 2 
easily implies that many common Banach spaces have property P. For 
example every L,(p) space satisfies the assumption of Proposition 2 for every 
h > 1. By the definition of an 9m,A, space, such a space satisfies the 
assumption of Proposition 2 with A = h, . We do not know (unless p = 2 
or co) whether every TD space has property P. This question is of particular 
interest for p = 1. If it were true that every p1 space has property P then 
Theorem 1 could be considered as a joint characterization of p1 , 9s , and 
9a spaces. A similar remark applies to Theorem 2 below. A result of 
Rosenthal [l 11, p. 52, indicates the difficulty which is encountered in trying 
to prove that an ZD space has property P at least for 1 < p < 4/3. It 
follows easily from the work of Rosenthal that for 1 < p < 4/3 there are 
subspaces {Ek}~zl of lD for which supk d(E, , @) < co (where nk = dim Ek) 
while the sequence Aa = inf{li P 11; P a projection from fD onto Ek} tends to 
co with k. 
Before leaving the discussion of property P we would like to mention 
that there is an (at least formally) weaker property which would suffice for 
proving Theorem 1 (as well as Theorems 2 and 3 below). Let k be an integer 
>I. We say that a Banach space has property P, if there is a X such that for 
every finite dimensional subspace E of X there is a Boolean algebra 9’ of 
projections on X with 119 [I < X and k vectors {x& in X such that E is 
contained in the closed linear span of (Pq ; P E LB, i = 1, 2,..., k}. Clearly 
property PI is property P and for k < 8 property Pk implies Pt. Since it is 
not clear whether the properties Pk are really stronger than PI we chose to 
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use the simplest property (i.e., Pr) for the definition of the term “sufficiently 
many Boolean algebras of projections.” The changes needed in the proof of 
Theorem 1 (or Theorems 2 and 3) if P, is used instead of PI are few and 
quite obvious. Since every Banach space on which there is a Boolean algebra 
of finite multiplicity, in the sense of Bade [ 11, clearly has property Pk for some 
k it follows that Theorems 1,2, and 3 remain valid if we replace the condition 
X has property P by, e.g., the requirement that there is on X a Boolean 
algebra of finite multiplicity. 
We give now two examples of theorems which were originally proved 
for spaces with an unconditional basis and which still hold under the weaker 
assumption that X has property P. Both theorems are connected to the theory 
of gD spaces. Since the proofs of the theorems are easy modifications of the 
original proofs (i.e., in the case of existence of an unconditional basis) we only 
state the theorems here in their new formulation but do not reproduce the 
proofs. 
A bounded linear operator T from a Banach space X to a Banach space Y 
is called absolutely summing if for every unconditionally converging series 
~~cl xi in X (i.e., C f xi converges for every choice of signs) the series 
XT=“=1 TX, converges absolutely (i.e., z // T3ci 11 < CO). A fundamental result 
of Grothendieck [5] which was reproduced in (71 states that every bounded 
operator from an 64 space into an .9a space is absolutely summing. A partial 
converse to this result is 
THEOREM 2. Let X and Y be infinite-dimensional Banuch spaces. Assume 
that X has suficiently many Boolean algebras of projections and that every 
bounded linear operator from X to Y is absolutely summing. Then X is an PI 
space and Y is an Zz space. 
This theorem was proved in [7] under the assumption that X has an 
unconditional basis. 
We pass to the second example. Let X be a Banach space with norm jl * 11. 
The modulus of smoothness of X is defined by 
Px,Ir.r(~) = 4 sup (ll~+YII+lI”-yIl--2), O<T<l. 
bll-1 .llYll=~ 
With this definition we have 
THEOREM 3. Let X be a Banach space. Then X is an 9S space if and only if 
(i), (ii) and (iii) hold. 
(i) X has suficiently many Boolean algebras of projections. 
(ii) X has an equivalent norm /II * 111 such that px,l,l.lll(~) < OLT* for some CL 
(iii) X* has an equivalent norm 1111 * 111 such that px~,llll.llll(~) Q ,W for some j3. 
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This theorem was proved in [6] if (‘) I is replaced by the condition that X 
has an unconditional basis. 
Let us remark that if the norm in a Banach space is twice FrechCt differen- 
tiable on (x, // N Ij = l} and if the second derivative (which is at every point 
a linear operator from X to X*) is uniformly bounded there, then by the 
mean value theorem it follows immediately that Pi,,,.,, < (~9 for some 31. 
Hence, Theorem 3 implies in particular that if X has property P and both X 
and X* have equivalent norms which have uniformly bounded second 
derivatives on the surface of the respective unit cells, then X is isomorphic 
to a Hilbert space. It has been proved recently by various authors (cf. e.g. 
[12]) that if a Banach space X has a twice FrechCt differentiable norm whose 
dual norm (i.e., the norm it induces on X*) is also twice FrechCt differentiable 
then X is isomorphic to a Hilbert space. In the result stated above we do not 
assume that there is any connection between the twice differentiable norm 
in X and that in X*. 
III. THE PROOF OF THEOREM 1 
We assume that X is a Banach space which satisfies the condition in the 
statement of Proposition 1 with h = A,, and that there are functions f and g 
for which (4) holds. Since for finite-dimensional X there is nothing to prove 
we assume also that dim X = co. Hence, by Proposition 1 there is for every n 
a Boolean algebra g of projections on X for which [I 9? jl < A0 and which 
has n disjoint non zero projections. We find it convenient to introduce the 
following notations 
f(@i>L> = f(Ul , 62 ,-s-, a, I 0, 0 . ..) (5) 
go = g@o). (6) 
LEMMA 2. For every nonnegative {ui}~=, and a 
PROOF. Let 93 be a Boolean algebra of projections on X with 11 G? 11 < ho 
which contains n nonzero disjoint projections {Pi}~cl. Let xi E P,.r, 
i = 1, 2 ,..., n, with [I xi 11 = ai . Then 
and this proves (7). 
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LEMMA 3. For every nonnegative {ai}L1 and every {ai} with 0 < oli < 1, 
f({WG>L) < go2f({4=d. (8) 
PROOF. Let xi and P, be as in the proof of Lemma 2. Since the extreme 
points of the set of all n-tuples {,q}~=r with 1 pi 1 ,( 1 are the n-tuples of the 
form {O,}TZ”=l with Bi = fl it follows that there are such {S,)~=r for which 
II CZ1 wi II d II Ebl 4.yi Il. Hence 
g~1f({Wi}~4) < II CYL Vi II G II CL 4.vi II G g&4L) 
and this is (8). 
We shall use also the following notation 
F(n) = f(w, 0,O ,... ), n = 1, 2, 3,... (9) 
n 
LEMMA 4. There is a constant M such that either 
M-l < F(n) < M, n = 1, 2,..., (10) 
or for some jxed p > 1 
M-Lnllp <F(n) < M&P, n = 1, 2,... . (11) 
PROOF. Let n and K be integers and let {P,}$, be nonzero disjoint 
projections in a Boolean algebra 9 of projections on X with 119 II < A,. 
Let x E X be such that 11 Pix 11 = 1 for every i. By (4) 
WVWW G go2 11 $jl f’ix llf~ Pix I/ 
where z = II C$’ PiX /IPIX. Also, by (4) 
i = 1,2,..., n. (13) 
Since for every j, Cyi;’ Pi+(j-l)nn-~ E ~3, we get by (4), (7), (8), (9), (E), and 
(13) 
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From (14) it follows, by induction on k, that 
F(&) < gppz)~ 12, k = 1, 2 )... . (15) 
By similar methods it can be shown that 
F(Z) >, g,9qz)fi n, k = 1, 2 )... . (16) 
By (8) and (9) we get that for m 3 n 
F(n) G go2+9. (17) 
The argument given in [ 14, p. 2691 shows that for every numerical sequence 
(F(n))~==, for which (15), (16) and (17) hold either (10) or (11) must be true. 
This concludes the proof of Lemma 4. 
We return to the proof of Theorem 1. Assume first that (10) holds. Let 9 
be a Boolean algebra of projections on X with /I SJ jl < h, and (P&i be 
nonzero disjoint elements in g. Let m E X satisfy Ij Pix 11 = 1 for every i, 
and let {a,}TS1 be scalars. 
By (4), (7), (8), and (10) we have 
d g&l ai IL) < go5[mpx I aiII F(n) < go6M my I ai I. (18) 
On the other hand 
max 1 ai 1 -= m;x /I Pi (i CZjPjX)il < A, I! f ajPp 11. 
i j=l >=l 
(19) 
By (18) and (19) we get that 
(20) 
Inequality (2) implies, by the definition of an pm space and Proposition 1, 
that X is an _Ep, space. 
We now turn to the case where (11) holds for some p > 1. Let ai = k,jm 
i = I,..., n be positive rational numbers (kp and m are integers) and put 
sj = & ki i = 1, 2 ,..., n. Let g be a Boolean algebra of projections on X 
with [(B (/ < X, which contains at least S, disjoint nonzero projections 
(Pi}:zl and let x E X satisfy 11 Pfx 11 = 1 for i = 1, 2,..., s,, . By (11) we have 
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< rn-lt9 ’ MgzF(s,,) < m -11= . M2. %l” = M%,8 ( gl ai)? go n (22) 
Clearly (22) holds also for general nonnegative {ui}~=r . Thus for every 
nonnegative {~Li}~~)F1 
(23) 
For an arbitrary n-tuple of real numbers {pi}Lr we get by (4) and (23) 
By a similar argument it can be shown that for every real {tLi}~-hl we have 
Il.:, II C /AMPEX > M-2g,1o (A ) 
112, 
IPiI’ - (25) 
From (24), (25) and Proposition 1, it follows that X is an L??= space. To 
conclude the proof of Theorem 1 we have to show that p is either 1 or 2. By 
Proposition 7.3 of [7], every LZ’,, space 1 < p < co has a complemented 
subspace isomorphic to c!, . For every p > 1 there is a constant K = K(p) 
such that for every n there is a subspace F,, of eD on which there is a projection 
of norm <K from J’, and such that d(Fn , 6’22n) < K (cf. [IO]). Hence if X 
is an 2, space with 1 < p < co there is a constant K, such that for every n 
there is a Boolean algebra of projections .S? with 11 L% 11 < K, containing n 
nonzero disjoint projections {Pi}~z’=l and such that for every x E X, 
(Use the same argument as that in the proof of Proposition 2.) 
This inequality combined with (4) and (11) implies that if 1 < p < a 
then p = 2. This concludes the proof of Theorem 1. 
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